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Abstract

We classify the local maximizers of the entrywise fourth-power objective

Q— 1Qll: = Z q;lj

i,7=1

over the real orthogonal group O(r). We prove that the signed permutation matrices are the
only local maximizers, and hence the only global maximizers, in every dimension. More strongly,
every other stationary point has an explicit rank-two tangent direction with strictly positive
second variation. The proof is based on a maximum-entry pivot for the orthostochastic matrix
Q°2: the associated full Riemannian Hessian can be evaluated exactly and is positive at a largest
nonunit squared entry. The argument is self-contained and handles zeros, repeated magnitudes,
reducible support, and Hadamard-type stationary points.
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Throughout, powers marked by are entrywise. In particular, Q°? = (qu) and Q°3 = (qf’])
The norm in the objective is also entrywise:

1%}
e}

FQ=1QIi=>_d;5 Qeow).

ij=1

1 Problem formulation and main result

The orthogonal group is compact but nonconvex, and entrywise norm objectives have a markedly
different geometry from spectral objectives. The squared Frobenius norm is constant on O(r),
whereas the fourth-power objective

@ =1Qli, Qe O(r), (1.1)

rewards concentration of mass in individual entries. This paper determines its complete local-
maximality landscape over the real square orthogonal group.

The signed permutation matrices are exactly the local maximizers, and the maximum value is
r. More strongly, every stationary point that is not a signed permutation has an explicit feasible
rank-two direction with strictly positive second variation. Thus it has a strict ascent direction for
the maximization problem.



Dimension Local maximizers Maximum Other stationary points

r=1 [1] and [—1] 1 none
r=2 signed permutations only 2 strict ascent direction exists
r>3 signed permutations only r strict ascent direction exists

Here “strict ascent direction” means that the largest eigenvalue of the constrained Hessian is
positive. This is sometimes called the strict-saddle property with the maximization sign convention.
It does not assert that the Hessian is necessarily indefinite: a local minimum also has positive
curvature directions.

2 Related work

The Riemannian geometry of optimization with orthogonality constraints is classical; standard
treatments include the geometric analysis of the Stiefel and Grassmann manifolds by Edelman,
Arias, and Smith [1] and the monograph of Absil, Mahony, and Sepulchre [2]. We use this framework
only to derive the exact stationarity condition and the second variation along Qe!.

Our problem also belongs to the study of entrywise £, norm landscapes on the orthogonal group.
In particular, the almost-Hadamard program investigates local extrema of such norms, especially
in connection with the ¢; norm, Hadamard matrices, and more general exponents; see Banica
and Nechita [3]. The p = 4 maximization problem has the opposite global extremizers from the
normalized Hadamard configurations: signed permutations maximize ||Q||3. The result here gives
a direct local classification for this fourth-power objective, without relying on a classification of
stationary orthogonal matrices or on a relaxation to the Birkhoff polytope.

3 Main theorem

Theorem 1 (Complete local-maximum classification). For every integer r > 1, let

HQ=>d}  Qeo).

ij=1
Then:
(i) fr(Q) <1, with equality exactly at the signed permutation matrices;

(ii) every signed permutation is a strict local mazimum (with the usual vacuous isolated-point
interpretation when r = 1);

(iii) if @ 1is stationary and is not a signed permutation, then there is an explicit nonzero skew-
symmetric matriz  such that

s £ (Qe*)| >0
dt"" =0

Consequently, the signed permutation matrices are exactly the local mazimizers of f. on O(r).

The escaping matrix €2 is constructed in Section 6 from a largest entry of the squared-entry
matrix Q°2.



4 First-order condition

The tangent space at @ € O(r) is
ToO(r) = {QQ: Q" = —Q}.
Fix a skew-symmetric €2 and use the feasible curve
Q) = Q.
Since Q'(0) = QO and the Euclidean gradient is 4Q°3,

d
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t=0
—1u((Q*)7Q0)
=4tr(ATQ), A:=Q Q.

The orthogonal complement of the skew-symmetric matrices under the Frobenius inner product is
the space of symmetric matrices. Therefore

Q is stationary <= A= Q'Q is symmetric.

This uses every tangent direction, not merely coordinate rotations.
For comparison, rotate columns a, b by

qa(t) = qq cost + qpsint, qp(t) = —qqsint + g cost.

Direct differentiation of the affected two columns gives

Fi(0) =4 giagin(ai, — ab), (1)
Fin(0) =4 " (647, — i — diy) - (2)

Equation (1) vanishes for every pair at a stationary point, consistently with the full matrix condition
above. Formula (2) is only a sanity check; the proof below does not assume that coordinate Givens
directions suffice.

5 Second-order formula
Because Q"(0) = Q02 direct differentiation gives

F0)=12>" g4 (QO)F, +4(Q%, Q%) .

k,l
At a stationary point A = AT, and hence
(Q%,Q0%) . = tr(AQ?) = — tr(AQT Q).
Thus

F10) =4Ho(Q),  Ho() =3 au(Q)i; — (A2 Q). (3)
ol

For maximization, a second-order necessary condition at a local maximum is Hg(£2) < 0 for every
skew Q. Hence any Q with Hg(£2) > 0 is a strict feasible escape certificate.



6 Main proof: the maximum-entry pivot
Let @ be stationary. Define

M=Q? 5= My =Y M}, C=MM'M
l k

Orthogonality of the rows and columns of ) shows that M is doubly stochastic:

My >0, > My=1, > M;=1.
7 7

6.1 An exact pivot identity

Fix indices (i, ) for which
p=My=q;<1,  q=q.

Regard the transpose of row ¢ as the unit column vector

z=Q e
Then Qx = ¢; and z; = q. Set
v="9 qx7 Q=av' —ovz' (4)
L=p
Indeed,
:ETU:O) Hej_qle%:l_p?
so x,v are orthonormal. Thus ) is nonzero, skew-symmetric, rank two, and generates the feasible
curve Qe
Since 0
Qu= 1154,
V1i=p
a direct cancellation in QQ = e;v" — (Qu)x ' gives
OkiO1j — Qrjqu
(@) = % (5)
-p
Consequently,
Cij +p—2p*
2 2
Zle(QQ)kl = Ulfy (6)
k.l p

Cij = (MM "M)i; = MyMyMy;.
k.l

It remains to compute the multiplier term in (3). This is the step where full stationarity is
essential. Since A = AT,

Az =ATQTe; = (Q)'QQ e = (Q°°) Tei = 2%,

It follows that
Az = s, e;—Aej =1, :ETAej = e;—Aac = ¢
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Moreover, Q'Q = 22T + vv'. Therefore

8 +1; — 2])2

tr(AQTQ) =
I—-p

Combining (3), (6), and (7) proves the exact identity

N

HQ(Q) = 1— M.

Nij = 3(MMTM)ZJ + 3Mzg — 4Mz2] — 8; — tj.

6.2 Strict positivity at a largest squared entry

Assume first that every entry of M is strictly below one. Choose a largest entry

m = Mi]’ = H'z;al;XMkl.
Since M is nonempty and doubly stochastic, 0 < m < 1. Write S = s; + ;. In

Cij = Z My My My,
kol

the slice k = ¢ contributes ms;, the slice [ = j contributes mt;, and their common term is m°.

Hence the following is an exact disjoint decomposition:

Cij :mS—m3+R, R:ZMilelej > 0.
ki
I#j
The numerator in (8) becomes

Nij = 3R+ (3m — 1)S + 3m — 4m? — 3m3.

There are two cases.

Case 1: m > % The selected row and column each contain the entry m, so
S=2m’+ Dy, Dy=> Mi+> M};>0.
1£j ki
Substitution in (10) gives

Nij = 3R+ (3m — 1)D4 4 3m(1 —m)? > 0.

Case 2: m < % Maximality of m and double stochasticity give

Si:ZMz%SmZMil:mv tj:ZMlngmZMkj:m.
! ! k k
Thus
S=2m—-D_, D_=(m—s;)+ (m—tj)>0.

Now (10) gives
Nij =3R+ (1 —=3m)D_+m(1 —m)(1+3m)>0.

3

9)

(10)

(11)



At m = 1/3, the two formulas agree. Since 1 —m > 0, (8)—(12) prove
Ho(2) > 0.

More quantitatively, the displayed direction satisfies

3m(l—m), m>1/3,
Ho(€) = {m(l +3m), m<1/3. (13)

6.3 Entries of magnitude one

The construction (4) is deliberately not used when M;; = 1. In that case ¢;; = %1, and the unit
norms of row ¢ and column j force every other entry in that row and column to vanish. After row
and column signed permutations,

Q=1eQ, QeO(r-1).

The stationarity matrix is block diagonal, so stationarity of ) passes to Q’. Remove all such signed
singleton blocks. If no block remains, the original () was a signed permutation. Otherwise the
remaining stationary orthogonal block has a largest squared entry m € (0, 1), so the construction
above gives a strict ascent direction in that block. Extending its skew matrix by zero gives the
same strict ascent direction for the original Q.

We have now proved that every stationary non-signed-permutation has an explicit 2 with
17(0) = 4H(2) > 0. Since the first derivative vanishes at a stationary point, Taylor expansion
gives

Fr(Qe™) = £(Q) + 2Ho () + o(t?) > f+(Q)

for all sufficiently small nonzero ¢t. Such a point cannot be a local maximum.

6.4 Signed permutations are the strict global maxima

For every row of @,
2

doays|d g =1
i i

Thus f,.(Q) < r. Equality holds precisely when every row has exactly one nonzero entry, of
magnitude one; column orthogonality then makes @) a signed permutation.

At @ = I, one has A = I. Since every skew matrix has zero diagonal, the first term in (3)
vanishes and

Hi1(Q) = —tr(2'Q) = —[|QlF <0

for every nonzero skew (). Left and right multiplication by signed permutations preserves the
objective and Hessian inertia, so every signed permutation is a strict local maximum for » > 2. For
r = 1, the two points of O(1) are isolated and are both signed permutations. This completes the
theorem.



7 Edge cases and degeneracies

The proof does not use a hidden genericity assumption.

(a)
(b)

r=1. O(1) = {[—1],[1]}, and both points are signed permutations with value 1.

r = 2. The general proof applies without modification. As a direct check, an orthogonal
matrix is, up to signs and permutations, a planar rotation and has objective 2(cos? § 4sin* 9).
Its local maxima occur at 6 € (w/2)Z, exactly the signed permutations. The 45° points have
an ascent direction for maximization.

Zero entries. The pivot construction never divides by ¢;;. A largest entry of the doubly
stochastic matrix M is positive, and the only denominator is 1 — m, which is positive after
signed singleton blocks are removed.

Repeated magnitudes. The largest entry need not be unique. Any maximizing index pair
satisfies the same decomposition and strict estimate.

Block diagonal and disconnected support. An entry of magnitude one is handled by
exact block peeling. More general orthogonal direct sums cause no problem: select a largest
squared entry in a nontrivial residual block, build € there, and extend it by zero.

Hadamard-type stationary points. If a normalized real Hadamard matrix of order r > 1
is used, then M = J,./r, s; =t; = 1/r, and C' = M. Formula (8) gives

4
Thus these highly repeated, full-support stationary points are explicitly excluded as local
maxima.

Pairwise-stable but mixed-direction-unstable points. The proof uses the full Hessian
direction (4), not an assumption that elementary row or column rotations suffice. It therefore
also handles structured points for which all coordinate Givens curvatures are nonpositive but
a mixed direction has positive curvature.

Orthostochastic singularities. Although M = Q°? is doubly stochastic, the proof never
replaces the orthostochastic image by the Birkhoff polytope. Double stochasticity is used only
in the elementary inequalities for M; the ascent direction is lifted explicitly to the feasible
curve Qe

8 Proof scope and technical checks

For completeness, we record how the proof addresses the standard degeneracies that can arise in
entrywise optimization on the orthogonal group.

1.

Square-only formulation: every matrix is r X r; no rectangular Stiefel problem is intro-
duced.

. Full stationarity: symmetry of QTQ° is derived from all skew directions, rather than

inferred from an incomplete test.



10.

11.

12.

13.

14.

. Stationarity usage: the identity Ax = z°

. Second-order sign and factor: direct differentiation confirms f”(0) = 4Hg(12); positive

curvature is ascent for maximization.

. Feasibility: Q in (4) is explicitly skew, and Qe*? € O(r) for every real t.

3 is invoked only after A = AT has been estab-

lished. It is not assumed for a generic orthogonal matrix.

. Index order: the weighted term expands as Cj; = (MMTM)Z-j = Zk,l M My My, ruling

out a hidden transpose error.

Zeros and repeated magnitudes: no nonzero-entry or uniqueness assumption is made.

. Endpoint m = 1: the undefined pivot is never used there; signed singleton blocks are

removed exactly.

. Case split: for 3m —1 > 0 the lower bound S > 2m? is used, while for 3m —1 < 0 the upper

bound S < 2m is used. The inequality direction is therefore correct in both branches.

Strictness: the residual terms 3m(1 —m)? and m(1 — m)(1 + 3m) are strictly positive for
0 < m < 1; the boundary m = 1/3 has no gap.

Blocks and degeneracies: singleton blocks, arbitrary direct sums, normalized Hadamard
points, and pairwise-insufficient examples are all covered by the same pivot mechanism.

Local versus global: the pivot proof rules out every non-permutation local maximum, while
the separate rowwise inequality proves global optimality.

Strict-saddle wording: the precise conclusion is Ayax(Hess f,.) > 0 at each non-permutation
stationary point; Hessian indefiniteness is not claimed.

No circular classification or black box: no classification of stationary points, external
database, numerical search, or theorem of comparable difficulty is used in the proof.

References

[1] A. Edelman, T. A. Arias, and S. T. Smith, The geometry of algorithms with orthogonality
constraints, SIAM Journal on Matriz Analysis and Applications 20 (1998), no. 2, 303-353.
https://doi.org/10.1137/50895479895290954

[2] P-A. Absil, R. Mahony, and R. Sepulchre, Optimization Algorithms on Matriz Manifolds,
Princeton University Press, Princeton, NJ, 2008.

[3] T. Banica and I. Nechita, Almost Hadamard matrices: the case of arbitrary exponents, Discrete
Applied Mathematics 161 (2013), no. 16-17, 2367-2379. https://doi.org/10.1016/j.dam.
2013.05.012


https://doi.org/10.1137/S0895479895290954
https://doi.org/10.1016/j.dam.2013.05.012
https://doi.org/10.1016/j.dam.2013.05.012

	Problem formulation and main result
	Related work
	Main theorem
	First-order condition
	Second-order formula
	Main proof: the maximum-entry pivot
	An exact pivot identity
	Strict positivity at a largest squared entry
	Entries of magnitude one
	Signed permutations are the strict global maxima

	Edge cases and degeneracies
	Proof scope and technical checks

